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In general, it is important to identify what is the informational resource for quantum tasks. Quan-
tum energy teleportation (QET) is a quantum task, which attains energy transfer in an operational
meaning by local operations and classical communication, and is expected to play a role in future
development of nano scale smart grids. We consider QET protocols in a three-element Ising spin
system with non periodic boundary conditions coupled to a thermal bath. The open chain is the
minimal model of QET between two edge spins that allows the measurement and operation steps
of the QET protocol to be optimized without restriction. It is possible to analyze how two-body
correlations of the system, like mutual information, entanglement and quantum discord, can be
resources of this QET at each temperature. In particular, we stress that quantum discord is not the
QET resource in some cases even if arbitrary measurements and operations are available.
Keywords: Quantum Energy Teleportation, three spin Ising chain, Strong Local Passivity, Entanglement,
Quantum Dissonance
I. INTRODUCTION
Quantum correlation has recently attracted much in-
terest as resource of quantum tasks including quantum
parameter estimation [1–3], quantum teleportation [4]
and quantum computing [5]. There exist many kinds of
quantum correlations. One of the most known is quan-
tum entanglement. Remote state transfer using quantum
teleportation requires nonzero amount of entanglement
as resource. However it is often stressed that entangle-
ment is not the only quantum correlation. The concept
of quantum discord, which has been introduced on refer-
ence [6] and [7], can be nonzero even if entanglement ex-
actly vanishes. Discord without entanglement is referred
as quantum Dissonance. In general, it is important to
identify the correlation as information resource for every
quantum protocol.
Quantum Energy Teleportation (QET) [8–11] is a
quantum protocol, which attains energy transfer in an
operational meaning. For quantum many-body systems,
the interaction among subsystems generates quantum
correlations in the ground states. Since energy density
operators of the system do not commute with each other
due to this interaction, uncertainty relations yield zero-
point fluctuation of energy density in the ground states.
With a shift of the energy such as the average energy
density of the system is fixed as zero, the energy density
fluctuates between the zero value. Thus we have nega-
tive energy density in quantum theory. This zero-point
energy density fluctuations of two separate subsystems A
and B are quantum mechanically correlated. Hence, if we
measure subsystem A and obtain the measurement result
α, this includes some information about energy density
around subsystem B. During this measurement, positive
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amount of energy EA is injected into A, because the post-
measurement state is not the ground state but an excited
state. This property is called the passivity of the ground
state. By performing an appropriate local operation on
B, dependent on α, the quantum fluctuation can be sup-
pressed and negative energy density appears around B.
Because of energy conservation, positive amount of en-
ergy EB is extracted by the operation device on B. Note
that B is in a state with zero-energy before the measure-
ment, thus extraction of EB looks like energy extraction
from nothing. This is QET. EA is regarded as input en-
ergy and EB as output energy of QET. Non-negativity
of total Hamiltonian imposes EA ≥ EB [12].
The QET protocol has attracted attention for future
development of nano-scale smart grids with low power
consumption [13]. An experiment to verify QET using
edge channel currents in a quantum Hall system has been
proposed [14]. QET is also related with information ther-
modynamics. Quantum Maxwell’s demons, by using the
measurement results, are able to adopt QET in order to
extract more energy out of quantum systems [12]. In
black hole physics, QET plays a crucial role. By mea-
suring zero-point fluctuation of quantum fields outside
horizon and performing QET, the area of event horizon
shrinks and its black hole entropy decreases [15]. Even in
low temperature cases, QET remains effective. In Gibbs
states below a critical temperature, many-body systems
which have ground states with maximum-rank entangle-
ment structure, satisfy strong local passivity [16]. This
means that positive amount of energy is injected during
arbitrary local operations. Therefore, we are not able to
extract thermal energy from subsystem B only by local
operations. In the low-temperature regime, thermal en-
ergy extraction requires global operations like time evo-
lution generated by Hamiltonian. However, if we adopt
a QET protocol, the passivity is broken and a part of
thermal energy can be extracted [17].
As conventional quantum teleportation, it is of impor-
tance to understand what correlation is the resource of
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2QET. For the case of the ground state, it is known that
quantum entanglement is the resource of QET [12]. How-
ever, the finite-temperature case is nontrivial. In a sim-
ple toy model with a two qubit chain with non-demolition
measurements of the interaction Hamiltonian, quantum
discord is seen to act as a resource for QET at high tem-
peratures [17]. However, so far other quantum systems
have not been explored. In addition, the two-spin model
imposes a severe limitation on QET optimization prob-
lem of local measurements of energy-sender qubit. Only
non-demolition measurements are available, which do not
disturb the potential term between the two spins. Thus
there exists no consensus about the resource in general
cases beyond the two qubit system.
To avoid the limitation of available measurements, we
consider a three-spin open chain model and QET from
one edge spin to another edge spin in this paper. The
optimal measurements of energy-sender spin and optimal
local unitary operations of energy-receiver spin, which
provide the maximal amount of teleported energy, are de-
termined in the ground-state case and finite-temperature
case. The maximum teleported energy is compared to
various two-body correlations between two edge spins, in-
cluding quantum mutual information, quantum discord
[6, 7], concurrence [18], and negativity [19]. In contrast
with the two qubit chain, we show that quantum discord
is not a perfect resource of QET in the three qubit sys-
tem. Through the variations of one of the parameters in
the model, we found that the optimal teleported energy
becomes zero in some cases at zero and finite tempera-
ture, where entanglement vanishes, but quantum discord
is still present. This implies that quantum discord cannot
become QET resource of this system at this regime. In
other words, we found a regime where there is quantum
discord between the edge spins but energy teleportation
is not possible. This is an unexpected result and crucial
for the identification problem of quantum task resource.
Because through the variation of one parameter in the
model it is possible to modify the amount of teleported
energy, such as it is impossible to have QET; we pose
an analogy between energy transportation in the three
spin chain model and field effect transistors (FET). This
paper is structured as follows. Section II introduces our
three-particle model and also outlines the derivation of
the teleported energy when using projective measure-
ments; the supporting calculations are given in the ap-
pendices. Section III explores the relationship between
the QET protocol’s efficiency and the degree and type of
quantum correlations in the system. Section IV contains
a detailed study, using the most general measurements
that can be applied to the system, of the regime in which
no teleported energy is possible, even though there are
quantum correlations. Section V offers our conclusions.
II. THREE QUBIT MODEL
Consider a system of three spin 1/2 particles, whose
labels are 1, 2 and 3 respectively, with Hamiltonian:
H = κ (σ1,xσ2,x + σ2,xσ3,x) + σ1,z + λ σ2,z + σ3,z (1)
The model resembles the Ising chain model in a trans-
verse magnetic field for only three elements in the chain,
without the interaction term corresponding to the peri-
odic boundary conditions associated to a ring topology.
The σ operators are the Pauli operators, κ is a dimension-
less parameter that takes real values and represents the
relative strength of the coupling between spins and the
intensity of the magnetic field, and λ, also a dimension-
less parameter, represents the strength of the coupling of
the spin of particle 2 with the transverse magnetic field.
The presence of these two parameters in the model allow
us to study the two main factors in order to teleport en-
ergy; the amount of correlations between subcomponents
of the total system, and the capability to generate local
negative energy density around subsystem B after Bob’s
operation. If we restrict Bob to perform measurements
on particle 3, then it’s local Hamiltonian is independent
of λ
HB = κ σ2,xσ3,x + σ3,z (2)
Therefore, though the parameter λ is unrelated to the
generation of local negative energy at particle 3, it is re-
lated to the correlation between particles 1 and 3. In
fact, for λ → ∞ the total Hamiltonian reduces to the
z component of particle 2, meaning, in particular, that
particles 1 and 3 become uncorrelated. The parameter λ
also dictates the degeneracy of the system; when λ = 0
the system is completely degenerated (because in this
case the Hamiltonian (1) commutes with σ2,x) and non-
degenerate otherwise. On the other hand, the κ param-
eter is related to the generation of local negative energy,
since it is present on Bob local Hamiltonian (2) and to
the correlations since physically represents the coupling
between spins, in other words, in the limit κ = 0 there
are not correlations. Specifically, fixing a value of κ while
changing the parameter λ is equivalent to study the ef-
fect of only the correlations of the system in the energy
teleportation.
Since the Hamiltonian is dimensionless, so are the
eigenergies [Appendix A]. If the three-particle system de-
scribed by equation (1) is weakly coupled to a thermal
bath with temperature T, the state of the system will be
given by a Gibbs state [Appendix A]. Since the Eigener-
gies are dimensionless, so it is the temperature parameter
T.
Let the three-particle system be partitioned into two
subsystems, A and B, such that Alice and Bob, respec-
tively, can make measurements on (just) A and B. The
QET protocol can be applied to the system as follows:
Alice performs a projective measurement on subsystem
3A with output α (±1).
MA(α) =
1
2
(IA + α rˆA · σA) (3)
rˆA = (sin (θ) cos (φ), sin (θ) sin (φ), cos (θ)) (4)
Where the label A can refer to qubit 1, 2 or 3 and rˆA is
a unit vector to be chosen such as the maximum amount
of teleported energy is achievable. Due to the strong pas-
sivity of the ground state, this measurement injects en-
ergy EA into the system. On the other hand, for a finite
temperature T, the Gibbs states of a finite quantum sys-
tem are strong locally passive, in other words; any local
operation, measurement included, will introduce further
energy into the system below a critical temperature spe-
cific to the system and subsystem [16]. An additional
condition for Alice operations is necessary in order to
avoid direct energy input into Bob’s system.
[MA(α), VAB ] = 0 (5)
Where VAB is the interaction term between Alice and
Bob system. Note that in the case Alice measures only
qubit 1, and Bob qubit 3, the equation (5) is satisfied
by the most general measurement MA, since there is no
interaction term V13 on the Hamiltonian (1). This is
the main difference between the three qubit and the two
qubit system, and is the case in which the results of Sec-
tion III will be based on. On section IV we will work with
more general measurements involving the two qubits 1
and 2.
On the the second step of the QET protocol, Alice an-
nounces the measurement result α to Bob via a classical
channel. The time evolution of the system was neglected
since it was assumed that the speed of the communica-
tion is greater than the energy diffusion of the system.
On the final step of the QET protocol; Bob performs
at subsystem B a local operation UB(α) dependent on
Alice’s result α. The operation UB(α) is chosen such as it
generates negative energy −EB on subsystem B, which is
equivalent by energy conservation that the measurement
yields a positive energy +EB . With the eventual cool
down of the system the input energy EA will compensate
the local negative energy −EB .
UB(α) = exp [−ıα(rB · σ3)] (6)
rB = r (sin (δ) cos (γ), sin (δ) sin (γ), cos (δ)) (7)
Where rB is a vector chosen such as the maximum
amount of teleported energy is achievable. In general,
the label B can refer to qubit 1, 2 or 3, with naturally
A 6= B; however from now on Bob will be restricted to
perform measurements only on qubit 3.
If the system is in equilibrium with a thermal bath at
temperature T, the state of the system will be given by
a Gibbs state ρ = ρ(T) [Appendix A]; then the average
energy input EA by Alice’s measurement is given by:
EA =
∑
α
Tr
[
M†A(α)HMA(α)ρ
]
− Tr [Hρ] (8)
On the other hand; the average energy loss of the sys-
tem after the QET protocol, in other words the average
amount of teleported energy EB , can be calculated as
the difference between the average energy after Alice’s
operation and after Bob’s operation.
EB =
∑
α
Tr
[
M†A(α)HMA(α)ρ
]
−
∑
α
Tr
[
U†B(α)M
†
A(α)HMA(α)UB(α)ρ
]
=
∑
α
Tr
[
M†A(α)MA(α)U
†
B(α) [UB(α), HB ] ρ
] (9)
The quantity EB defined in the previous equation can
be positive or negative; only in the case it is positive we
will have teleported energy. For the moment, let us as-
sume that the unitary operation UB(α) is such as EB is
a positive quantity; then in order to qualify the effective-
ness of the QET protocol, we introduced the efficiency η,
which allows us to compare dimensionless amount of en-
ergies, without specifying the energy scale of the system.
η = 100× EB
EA
(10)
III. PROJECTIVE MEASUREMENTS RESULTS
The main result of this paper was obtained for the case
in which we restrict Alice’s measurement to qubit 1, and
Bob’s measurement to qubit 3. By using the results of the
Appendix [A], for the functions A,R,B, functions of the
Temperature T and the parameters κ, λ; the teleported
energy can be written as:
EB = A sin (2r)−B(1− cos (2r)) (11)
A = A sin(θ) sin(δ) sin(φ− γ) (12)
B = sin2 (δ)
[
2B cos2 (γ) +R]− 2B (13)
The optimization of EB in (11), such as the maximum
amount of teleported energy is obtained, was done by
the criteria of the second partial derivatives and the Hes-
sian matrix, together with numerical calculations. The
maximum amount of teleported energy is obtained when
θ = pi/2, φ = pi/2 which implies a projective measure-
ment of σ1,y by Alice, and δ = pi/2, γ = 0 which implies
that the unitary operation of Bob is related to σ3,x. Sub-
stituting those values on equation (11), and optimizing
the last parameter r:
tan (2r0) =
A
R (14)
Then the maximum amount of teleported energy EmaxB
is given by:
EmaxB =
√
A2(λ, κ, T ) +R2(λ, κ, T )−R(λ, κ, T ) (15)
4Since a separable ground state leads to zero tele-
ported energy [12], it is thought that quantum corre-
lations, particularly entanglement, are necessary in or-
der to have teleported energy. Therefore the quantum
correlations must be studied in detail. Since Alice and
Bob are restricted to the edge spins 1 and 3 respec-
tively, then let us focus on the quantum correlations be-
tween the particles 1 and 3. Considering only the edge
spins the reduced state of the system can be written as
ρ13 = Tr2 [ρ], with this density operator the concurrence
[18] and the negativity [19] were calculated. The de-
tail calculation of the quantum correlations can be found
on the appendix [B]. The concurrence C(ρ13), is a mea-
sure of quantum entanglement [18], that can be calcu-
lated in terms of the eigenvalues Λj,C of ρ13ρ˜13, where
ρ˜13 =
(
σY1 ⊗ σY3
)
ρ?13
(
σY1 ⊗ σY3
)
.
C(ρ13) = max
{√
Λ2,C −
√
Λ1,C −
√
Λ3,C −
√
Λ4,C , 0
}
(16)
Another simple to calculate entanglement measure is
the Negativity N (ρ13) [19]. This one is defined as the
absolute sum of the negative eigenvalues Λi,N of ρ
(T1)
13 the
partial transpose of the density matrix ρ13 with respect
to qubit 1.
N (ρ13) =
∑
i
|Λi,N | − Λi,N
2
(17)
However since both measurements only quantify the
amount of entanglement, and there are other quantum
correlations different from entanglement, we also calcu-
lated the discord [6, 7]. Quantum discord measures the
totality of the quantum correlation, entanglement and
otherwise, between two components of a quantum sys-
tem. The range of the discord as a tool to study quan-
tum systems cover physics like: the Heisenberg uncer-
tainty principle [20], quantum key distribution protocols
[21], Heisenberg chains in a magnetic field [22], etc. In
the case there is not entanglement, the discord is called
quantum dissonance. It has been proved that for some
special cases of an assisted optimal state discrimination
only dissonance is required [23].
The discord associated with measurement on particle
1 can be calculated analytically [appendix B]. In mathe-
matical terms the quantum discord D13(ρ13) is defined as
the difference of the quantum mutual information I(ρ13),
which contains all the classical and quantum correlations
between the subsystems, and the classical correlations
J(ρ13), which contains all the information that can be
obtained through local measurements on one of the sub-
systems. If S(ρ) = −Tr [ρ log (ρ)] is the Von Neumann
Entropy, then the Quantum Discord D13(ρ13)
D13(ρ13) = I(ρ13)−maxΠˆ1 {J(ρ13)} (18)
I(ρ13) = S(ρ1) + S(ρ3)− S(ρ13) (19)
J(ρ13) = S(ρ1)− S(ρ13|Πˆα1 ) (20)
Figure 1 compares the maximum teleported energy and
the quantum correlations in the ground state (T=0).
The expressions for the quantum correlations can be seen
in appendix [B]. The teleported energy EmaxB , the quan-
tum discord D13(ρ13), the concurrence C(ρ13) and the
negativity N (ρ13) show the same behavior. In the no-
coupling limit κ → 0, in which no quantum correlation
exists, no energy teleportation is possible.
FIG. 1. For T=0; teleported energy EmaxB (top left), quantum
discordD13(ρ13) (top right), concurrence C(ρ13) (bottom left)
and negativity N (ρ13) (bottom right)
On the other hand, when λ = 0, the Hamiltonian of the
system (1) commutes with the operator σ2,x, therefore
all the eigenvalues are degenerated [appendix A]. Taking
explicitly this limit on equation (15), since the function
R is always positive for every value of λ, κ and T, and
A(0, κ,T) = 0 [appendix A]; then when λ = 0 it is not
possible to teleport energy for the case of the ground
state and also for a finite temperature case. In particular
for the ground state, a detailed study of the negativity
N (ρ13) and the concurrence C(ρ13) shows that for λ = 0
there is not entanglement between qubits 1 and 3 [Ap-
pendix B]. In other words, even though there is disso-
nance, quantum correlations without entanglement, and
we perform the most general projective measurements
that can be applied to the system; it is not possible to
teleport energy in the limit λ = 0, since the ground state
is not entangled [12].
On figure 2 the behavior of the negativity N (ρ13) and
the concurrence C(ρ13), as a function of the λ parameter
for T=0 and two different values of the coupling param-
eter κ = {1, 10}, among the teleported energy EmaxB and
the quantum discord D13(ρ13) and mutual information
I(ρ13), can be found. In contrast with the negativity, con-
currence, and the teleported energy, the discord and the
mutual information are different from zero when λ = 0.
Also it can be seen that a large amount of teleported
energy is associated to larger values of the coupling pa-
rameter κ, limited to a non large λ, in other words a
region of the phase space in which the interaction term
of the Hamiltonian (1) and the λ term have meaning-
5ful contributions that are not overlapped between each
other.
FIG. 2. To the left: for T=0 and κ = 1 teleported energy
EmaxB (top), measurements of entanglement (middle) negativ-
ity N (ρ13) (purple) and concurrence C(ρ13) (orange); (bot-
tom) mutual information I(ρ13) (blue) and quantum discord
D13(ρ13) (red); to the right: for T=0 and κ = 10 same quan-
tities as in the left column
For the case of finite temperature, figure 3 shows: tele-
ported energy, quantum discord, concurrence and nega-
tivity for Temperature T=1. Similar to the case of the
ground state, it is not possible to teleport energy in the
limit κ = 0, no correlations, and in the limit λ = 0. Fur-
thermore, similar to the case of T=0; in the region of
large λ, and small κ, in other words the region in which
the Hamiltonian of the system (1) can be approximated
to be only the z component of particle 2, the value of
teleported energy is reduced due to the decrease of the
entanglement of the subsystem. As can be seen by com-
paring with the case of T=0 (figure 1), the phase space,
in which it is possible to obtain the larger values of tele-
ported energy, shrinks with the increase of the tempera-
ture. This is a consequence of the decrease of the corre-
lations, specifically entanglement, a natural behavior for
quantum correlations.
With the increase of the temperature, the region of
the phase space (κ.λ) in which there is not entanglement
expands from only λ = 0 and κ = 0 at T = 0 to a non
trivial region whose area increases with the temperature.
On the other hand, the quantum discord is different from
zero in all the phase space (κ.λ). Similarly the teleported
energy, is different from zero but with the only exception
of λ = 0. On the right column of figure 4 it can be
seen that in the large temperature limit, for λ = 10 and
κ = 2 the quantum dissonance, and not entanglement, is
the resource of the QET protocol, similar results to the
FIG. 3. For T=1; teleported energy EmaxB (top left), quantum
discordD13(ρ13) (top right), concurrence C(ρ13) (bottom left)
and negativity N (ρ13) (bottom right)
ones found on reference [17] for the two qubit system.
However, on the left column of figure 4 we can observe
for T=1 and κ = 5 the same behavior of the teleported
energy, measures of entanglement and correlations; as
in the case of the ground state; meaning that only the
quantum discord is different from zero in the limit of
λ = 0. This result is remarkable since it shows that it
is possible to have regimes with non vanishing quantum
dissonance, in which it is impossible to teleport energy
for a finite temperature.
The vanishing of the teleported energy EmaxB when
λ = 0 lead us to make the analogy between the QET
across the three-qubit open Ising chain and the Field Ef-
fect Transistor. A Field Effect Transistor is a charge car-
rier device with three terminal, named: Source (S), Gate
(G) and Drain (D). Energy carriers enter into the de-
vice on the Source terminal generating a current IS . By
manipulation of the voltage of the Gate VGS the current
ID generated by the energy carriers leaving the device
through the Drain can be modified. In the case of the
model, Alice qubit will be equivalent to the Source, while
Bob qubit will be equivalent to the Drain. The energy
input by Alice operation EA is analogous to the current
generated by the energy carriers entering into the source
IS , while the teleported Energy E
max
B is to the current
generated by the energy carriers leaving the drain ID.
The role of the voltage VGS will be played by the λ pa-
rameter, representing the coupling between the spin of
particle 2 and the transverse magnetic field. The limit
λ = 0 correspond to some value V ?GS for which the output
current ID = 0
Since we are working with a energy dimensionless
Hamiltonian, in order to fully appreciate the advantages
of the QET protocol, it is necessary to calculate the ef-
ficiency η. In order to do so, it was also necessary the
amount of energy that becomes the input of the protocol.
6FIG. 4. To the left: for T=1 and κ = 5 teleported energy
EmaxB (top), measurements of entanglement (middle) negativ-
ity N (ρ13) (purple) and concurrence C(ρ13) (orange); quan-
tum discord D13(ρ13) (red) (bottom); to the right: for λ = 10
and κ = 2 the same quantities as in the left column
Using the same optimization parameters from which the
teleported energy was calculated (equation 15), the input
energy EA can be calculated:
EA = R(λ, κ,T)− 2B(λ, κ,T) (21)
The definitions of the functions R and B [A25] make
this quantity to be always positive for any value of the
parameters λ and κ and for any temperature T; a nec-
essary condition in order to obtain energy teleportation.
The efficiency η of the QET protocol can be seen on
figure 5 for two different temperatures T=0, and T=1.
The maximum efficiency occurs in the case of the ground
state, with a value of the order of 6%. Similar to the tele-
ported energy and the quantum correlations, for non-zero
temperature, the maximum efficiency decreases with the
increase of the temperature. The decrease of the corre-
lations (figures 1 and 3) brings also the reduction on the
phase space of the system in which the QET protocol can
be applied efficiently. For T=0, Gibbs states are strong
local passive, in other words, no energy extraction is pos-
sible by local operations; therefore even with an efficiency
of 6%, the QET protocol offers the possibility of energy
extraction from the system.
IV. GENERAL MEASUREMENTS FOR λ = 0
In this section we will study in more detail the behavior
of the system when λ = 0. Let it be KA(α) the most
general measurements that Alice can do to the system
FIG. 5. Efficiency of the QET protocol; η = 100 EmaxB /EA,
where EA is the average energy input into the system by Al-
ice’s operation, and EmaxB is the maximum average of tele-
ported energy. T=0 (left), T=1 (right)
of the two qubits 1 and 2, while satisfying the no energy
input into qubit 3; a condition like equation (5).
KA(α) = [aαI1 + bα · σ1]⊗ I2 + [cαI2 + dα · σ1]⊗ σ2,x
(22)∑
α
K†A(α)KA(α) = I1 ⊗ I2
Where a,b, c and d are complex coefficients that de-
pend on the measurement result α. Since these are gen-
eral measurements, the result α is not restricted to take
the values of ±1, as it was on the case of projective mea-
surements. In fact, the α label in this case represents two
possible results α1 and α2 that can be obtained from the
measurement of qubit 1 and 2 respectively. In addition,
let us consider the most general unitary operation UB(α)
that Bob can perform on qubit 3:
UB(α) = exp [−ırα · σ3] = cos (rα)I3 − ıˆrα · σ3 sin(rα)
(23)
Where the dependence of Alice’s Measurement result α
is contained in the real vector rα = rαrˆα. Then, similar
to equation (9), the average energy loss of the system
after the QET protocol can be written as:
EB =
∑
α
Tr
[
K†A(α)KA(α)U
†
B(α) [UB(α), HB ] ρ
]
(24)
Where ρ is the Gibbs state of the system given by equa-
tion (A20) and HB (equation 2) is the local Hamiltonian
around Bob. Since Bob’s operation is a unitary opera-
tion (equation 23), then the energy loss can be written
in terms of the amplitude of oscillation rα as:
EB =
∑
α
Aα sin (2rα)−Bα sin (rα)2 (25)
Aα = − ı
2
Tr
[
K†A(α)KA(α) [ˆrα · σ3, HB ] ρ
]
(26)
Bα = −Tr
[
K†A(α)KA(α) (rˆα · σ3) [ˆrα · σ3, HB ] ρ
]
(27)
By explicit calculation of Aα, without specifying the α
dependence of the coefficients a,b, c,d and the compo-
nents of the unit vector rˆ, it can be shown that Aα = 0
7on the limit when λ = 0. To prove this result it is neces-
sary to use the equations (A26−A28) that can be found
on the appendix A. Therefore in this limit the average
energy loss can be written as:
EB = −
∑
α
Bα sin (rα)
2
λ = 0 (28)
As can be seen from the previous equation the sign
of the energy loss on the limit λ = 0 depends only
on the coefficient Bα. If this one is always positive,
meaning that the system gains energy instead of los-
ing it, then energy teleportation is not possible. Let
us define from the coefficients of the general measure-
ment KA(α) on equation (22) the complex column vector
V = (a, b1, b2, b3, c, d1, d2, d3)
t
where the t represents the
transposition operation and the α dependence has been
omitted for simplification of the notation. Similarly, let
us write the unitary real vector rˆα as a column vector
Rˆ = (rˆ1, rˆ2, rˆ3)
t
; where again the α dependence has been
omitted. Then let us define the matrices of operators
Mβγ and Ojk, independent of α, with the indexes β and
γ from {1, 2, ...8} and jk from {1, 2, 3} such as:
K†A(α)KA(α) = V
†MV (29)
Ojk = σ3,j [σ3,k, HB ] (30)
Then the coefficient Bα can be written as
Bα = −(V∗βRˆj)Tr [MβγOjkρ] (RˆkVγ) (31)
Where the sum over repeated indexes is implied. Since
the vectors Rˆ and V depend on the measurement result
α; then let us assume that it is possible to chose them
such as Rˆ⊗V is an eigenvalue of the 24× 24 matrix P
with elements given by Pβγjk = −Tr [MβγOjkρ]. Then
to study the positivity of the coefficient Bα it is necessary
to calculate the eigenvalues of P.
P =
 p0 0 κp10 (1 + κ2)p0 0
κp1 0 κ
2p0
 (32)
Where the matrices p0 and p1 (A31) are 8×8 complex
matrices. The eigenvalues of P are eight times degener-
ated each, and they are given by:
Eig (P) =
{
0, (1 + κ2)
(
C1 ± C2
√
1 + k2
)}
(33)
Where C1 (A29) and C2 (A30) are two real positive
functions with C1 − C2
√
1 + κ2 > 0. Therefore, all the
eigenvalues are positive, which implies that it is impos-
sible to teleport energy, not even with General Measure-
ments. This is a remarkable result, since at the limit
λ = 0 there are quantum correlations that could act as
the resource for the QET.
V. CONCLUSIONS
We applied the QET protocol to a three spin open
chain model, from one edge spin to the other edge spin.
We calculted an optimal QET protocol using projective
measurements, defined such as the maximum amount of
teleported energy is obtained, for the ground state and
finite temperature case. For this optimal QET protocol,
we obtained an efficiency of the order of 6% in the region
in which it is not possible any energy extraction by local
operations due to the strong local passivity of the Gibbs
states for T=0. As opposed to local energy extraction by
general operations, the QET protocol allows to extract
energy for every value of T, κ and λ with the exception
of λ = 0.
For low temperature regimes, negativity and concur-
rence are well correlated with the amount of optimal
teleported energy and can be regarded as QET resource.
However, for high temperature regimes although the neg-
ativity and concurrence vanish at some critical tempera-
ture; energy teleportation is possible. In this case, non-
entanglement resource like quantum dissonance yields
high-temperature QET as in the two qubit model. In
addition, we found that the negativity and the concur-
rence between the edge spins are exactly zero in the case
λ = 0. Even further, we proved that employing the most
general operations to the system it is impossible to tele-
port energy in the case of λ = 0 and finite temperature.
Even though there are quantum correlations, different
from entanglement, no energy can be teleported, in con-
trast with the regime of high temperatures and λ 6= 0 in
which it is possible to teleport energy due to the quantum
dissonance.
Appendix A: Eigenvalues and Density Matrix for
the Open Chain
The spectrum of the Hamiltonian in equation (1) is
composed by eight eigenvalues:
E0 = −E7 = −1
3
[λ+ x0] (A1)
E1 = −E6 = −E0 − 1
2
(
x0 +
y0√
3
)
(A2)
E2 = −E5 = −λ (A3)
E3 = −E4 = −E0 − 1
2
(
x0 − y0√
3
)
(A4)
Where it was defined:
x0 = r0 cos
(
θ
3
)
y0 = r0 sin
(
θ
3
)
r0 = 4
√
3 + 3κ2 + λ2
g(λ, κ) = λ2(κ2 + 20) + 4(3 + 3κ2 + κ4)
tan (θ) =
√
27 [4(λ2 − 1)2 + κ2g(λ, κ)]
λ [16− 9κ2 − 2(λ2 − 1)]
8The Eigenvalues are symmetric with the exchange of
κ with −κ. For λ > 0 the lowest eigenvalue is E0, on the
other hand for λ < 0 the lowest eigenvalue is E1. For
λ = 0 the system described by equation (1) is completely
degenerated, and the energies are
E0 = E1 = −E7 = −E6 = −2
√
1 + κ2 (A5)
E2 = −E5 = E3 = −E4 = 0 (A6)
This degeneracy of the ground state only occurs on
the physical limit of λ = 0. For any value of λ; the
Eigenvalues E2 and E5 the corresponding Eigenvectors
are:
|E2〉 = 1√
2
[− |011〉+ |110〉] (A7)
|E5〉 = 1√
2
[− |001〉+ |100〉] (A8)
The eigenvectors |EAC〉 are associated to the Eigenen-
ergies E={E1, E3, E7}.
(E + λ)(E − 2− λ)(E + 2− λ) = 4κ2(E − λ) (A9)
|EAC〉 = 1
NAC
[A |000〉+ |011〉+ C |101〉+ |110〉] (A10)
Where the Normalization constant NAC and the prob-
abilities amplitudes A, C are functions of the associated
Eigenvalue E.
A =
2κ
E − 2− λ C =
2κ
E + 2− λ
h(λ,E) = 8(λ2 − 1)(E − λ− 2)(E − λ+ 2)
i(λ,E) = 16κ2 [(E − 2λ)(E − λ) + 2]
PAC =
1
h(λ,E) + i(λ,E)
1
NAC
=
√
PAC(E − λ+ 2)2(E − λ− 2)2
On the other hand, the eigenvectors |EDF 〉 are associ-
ated to the Eigenenergies E = {E0, E4, E6}, solutions of
the same equation as the Eigenvalues associated to |EAC〉
with the exchange of λ with −λ.
(E − λ)(E − 2 + λ)(E + 2 + λ) = 4κ2(E + λ) (A11)
|EDF 〉 = 1
NDF
[|001〉+ F |010〉+ |100〉+D |111〉] (A12)
F (λ) = A(−λ) D(λ) = C(−λ) 1
NDF (λ)
=
1
NAC(−λ)
In particular for λ = 0 due to the degeneracy of the
system (A6) it is possible to rewrite the Eigenstate for
the ground state |g〉 as a linear combination of |EAC〉
with energy E = E1 and |EDF 〉 with energy E = E0:
|g〉 = a |EAC〉+ b |EDF 〉 (A13)
Where one of the coefficients a and b will be deter-
mined by the normalization condition. This is possible
since on this limit E0 = E1 = −2
√
1 + κ2, and a linear
combinations of eigenstates of a Hamiltonian with the
same Eigenvalue is also an Eigenstate of the Hamilto-
nian. Considering that the Hamiltonian (1) commutes
with the Pauli operator σ2,x it is possible to have a com-
mon base of Eigenstates for both operators; then after a
few calculations it is possible to prove that:
|g〉 = |φ〉1 |ψ〉2 |φ〉3 (A14)
|φ〉1 = α |0〉1 + β |1〉1 (A15)
|ψ〉2 =
1√
2
(|0〉2 ± |1〉2) (A16)
|φ〉3 = γ |0〉3 + δ |1〉3 (A17)
Where the subsidences after the kets are related to the
particle label. The probabilities amplitudes, in terms of
only D and F evaluated for λ = 0 and E = E0, are given
by:
|α|2 = 1
1 +D2
|β|2 = D
2
1 +D2
|γ|2 = 1 +D
2
D2(F 2 +D2 + 2)
|δ|2 = 1 +D
2
F 2 +D2 + 2
In other words the ground state of the system can
be written as a totally separable state in the limit of
λ = 0. If the ground state is given by equation (A14),
then there is not entanglement or classical correlations
between qubit 1 and 3. This is possible since this ground
state was constructed as a linear superpositions of ground
states, with the correct coefficients a and b. However,
assuming that it is possible to achieve the limit T=0
and λ = 0, in the case that both parameters are grad-
ually decreased, the ground state of the system will be
given by |EDF 〉 with E = E0 = −2
√
1 + κ2 for λ = 0, a
non separable state. Similar calculations are possible for
the remaining six eigenstates associated to the Energies
E = 0, 2
√
1 + κ2. Therefore, since the system is degen-
erated, the lack or presence of correlations between the
spins 1 and 3, for the case λ = 0 will depend on the state
in which the system chose to be.
If the system of the three particles is weakly coupled to
a thermal bath at temperature T ; then the probability
that the system has an energy E will be given as:
pj(T) =
1
Z
exp
(
−Ej
T
)
(A18)
Where the Temperature T, similar to the energies is a
dimensionless parameter, and Z is the partition function
in the canonical ensemble. The state of the system of the
three particles in thermal equilibrium at temperature T,
on the computational basis {|000〉 , |001〉 , ...., |111〉} and
the partition function Z are given by:
9Z =
7∑
j=0
exp
(
−Ej
T
)
= 2
[
cosh
(
E0
T
)
+ cosh
(
E6
T
)
+ cosh
(
E5
T
)
+ cosh
(
E4
T
)]
(A19)
ρ(T) =
7∑
j=0
pj(T) |Ej〉 〈Ej | = 1
2

F1 0 0 F2 0 F4 F2 0
0 J3 + p5 J2 0 J3 − p5 0 0 J5
0 J2 J1 0 J2 0 0 J4
F2 0 0 F3 + p2 0 F5 F3 − p2 0
0 J3 − p5 J2 0 J3 + p5 0 0 J5
F4 0 0 F5 0 F6 F5 0
F2 0 0 F3 − p2 0 F5 F3 + p2 0
0 J5 J4 0 J5 0 0 J6

(A20)
Where the Fi = F [fi] and Ji = J [ji] for
i={1, 2, 3, 4, 5, 6} are functionals of fi(E) and ji(E) func-
tions, that are associated to the group of Eigenenergies
{E1, E3, E7} and {E0, E4, E6} respectively. The func-
tional, which will also depend on the probabilities pj of
the canonical ensemble (A18), are defined as follows:
F [fi] = Fi = 2
∑
k=1,3,7
fi(Ek)pk(T) (A21)
J [ji] = Ji = 2
∑
k=0,4,6
ji(Ek)pk(T) (A22)
The functions fi and ji are build with polynomials
of the Eigenvalue E. In order to obtain the most sim-
ple representation of those functions, the characteristic
equation for each set of Eigenvalues ({E1, E3, E7} and
{E2, E4, E6}) was used. The functions were found to be
as follows:
f1(E) = PAC 4κ
2(E + 2− λ)2
f2(E) = PAC 2κ(E + 2− λ)2(E − 2− λ)
f3(E) = PAC (E + 2− λ)2(E − 2− λ)2
f4(E) = PAC 4κ
2(E + 2− λ)(E − 2− λ)
f5(E) = PAC 2κ(E − 2− λ)2(E + 2− λ)
f6(E) = PAC 4κ
2(E − 2− λ)2
jk(E) = fk(E) with λ→ −λ for all k=1,2,...6
Since the Eigenergies E0, E4, E6 are obtained from
E7, E3, E1 with the change of λ → −λ, and the same
for the functions jk(E) from fk(E); then any expression
containing both functional on the form Fk ± Jk for any
k=1,2,...,6 is symmetric under the exchange λ with −λ.
On the other hand, with respect to the coupling parame-
ter κ: F2, F5, J2, J5 are odd functions, while the rest are
even functions. For all values of λ, κ and T the functions
Fi and Ji satisfy
2F4 + κ(F5 − F2) = 0
2J4 + κ(J5 − J2) = 0
1
2
(F1 + F6 + J1 + J6) + F3 + J3+ p2 +p5 =
7∑
j=0
pj = 1
With the definitions of the F and J functionals, the
following even functions with respect to both parameters
κ and λ were defined
A(λ, κ,T) = F4 − F3 − J3 + J4 + p2 + p5 (A23)
R(λ, κ,T) = −1
2
(F1 + J1 − F6 − J6) (A24)
B(λ, κ,T) = κ
2
(F2 + F5 + J2 + J5) (A25)
Through numerical evaluation and analytical calcu-
lations it was verified that 0 ≤ R(λ, κ,T) ≤ 1 and
B(λ, κ,T) < 0 for all values of the coupling parameter
κ, λ and finite temperature T. In particular for λ = 0,
as can be done by analytical calculation, the function
A(0, κ, T ) = 0 since the functionals satisfy:
F4 − F3 + p2 = 0 λ = 0 (A26)
2(F2 + F5) = κ(F1 − F6) λ = 0 (A27)
2F5 = κ (2p2 + F4 − F6) λ = 0 (A28)
In this limit of λ = 0 it is convenient to define also the
functions C1 = F6 − F1 and C2 = F1 − 2F3 + F6 − 2p2;
which can be written as:
C1 = 4
Z
√
1 + κ2
sinh
(
2
√
1 + κ2
T
)
(A29)
C2 = 4
Z(1 + κ2)2
[
cosh
(
2
√
1 + κ2
T
)
− 1
]
(A30)
As it can be seen both functions are always positive
for any value of the temperature T and the coupling pa-
rameter κ. In addition, they satisfy C1 ≥
√
1 + κ2C2. To
end this appendix we will define the two matrices that
were build with the previous functions:
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p0 =

C1 0 0 −C2 0 −C2k 0 0
0 C1 −ıC2 0 −C2k 0 0 0
0 ıC2 C1 0 0 0 0 −ıC2k
−C2 0 0 C1 0 0 ıC2k 0
0 −C2k 0 0 C1 0 0 −C2
−C2k 0 0 0 0 C1 −ıC2 0
0 0 0 −ıC2k 0 ıC2 C1 0
0 0 ıC2k 0 −C2 0 0 C1

p1 =

0 C2k 0 0 C1 0 0 C2
C2k 0 0 0 0 C1 ıC2 0
0 0 0 ıC2k 0 −ıC2 C1k 0
0 0 −ıC2k 0 C2 0 0 C1
C1 0 0 C2 0 C2k 0 0
0 C1 ıC2 0 C2k 0 0 0
0 −ıC2 C1 0 0 0 0 ıC2k
C2 0 0 C1 0 0 −ıC2k 0

Appendix B: Measures of Quantum Correlations of
the reduced system ρ13
In this appendix it will be explained the calculation
of several quantum correlations for the reduced system
ρ13. In particular: the Concurrence, the Negativity and
the Discord will be calculated. The state of the reduced
system ρ13 is obtained by taking the trace over the qubit
2 of the state of the system ρ
ρ13 = Tr2 [ρ] =
1
4
1 + r + s+ c3 0 0 c1 − c20 1 + r − s− c3 c1 + c2 00 c1 + c2 1− r + s− c3 0
c1 − c2 0 0 1− r − s+ c3
 (B1)
r = s =
1
2
(F1 + J1 − F6 − J6) = −R(λ, κ,T)
c1 = (F4 + J4 + F3 + J3 − p2 − p5)
c2 = (F3 + J3 − p2 − p5 − F4 − J4) = −A(λ, κ,T)
c3 =
1
2
(F1 + J1 + F6 + J6)− (F3 + J3 + p2 + p5)
The labeling of r, s, c1, c2, c3 where chosen in order to
follow reference [24], where the quantum correlations for
two qubits in an X state was studied. The Eigenvalues
of the state ρ13, to be called Λj , not to confuse with the
λ parameter of the three qubit model, can be calculated
in terms of the new labeling as:
Λ1 =
1
4
(
1− c3 −
√
(c1 + c2)2 + (r − s)2
)
Λ2 =
1
4
(
1− c3 +
√
(c1 + c2)2 + (r − s)2
)
Λ3 =
1
4
(
1 + c3 −
√
(c1 − c2)2 + (r + s)2
)
Λ4 =
1
4
(
1 + c3 +
√
(c1 − c2)2 + (r + s)2
)
The concurrence C(ρ13), is a measure of quan-
tum entanglement [18], that can be calculated in
terms of the eigenvalues ΛC of ρ13ρ˜13, where ρ˜13 =(
σY1 ⊗ σY3
)
ρ?13
(
σY1 ⊗ σY3
)
. Those eigenvalues ΛC are
given by:
Λ1,C =
1
16
(
c1 − c2 −
√
(1 + c3)2 − (r + s)2
)2
Λ2,C =
1
16
(
c1 − c2 +
√
(1 + c3)2 − (r + s)2
)2
Λ3,C =
1
16
(
c1 + c2 −
√
(1− c3)2 − (r − s)2
)2
Λ4,C =
1
16
(
c1 + c2 +
√
(1− c3)2 − (r − s)2
)2
C (ρ13) = max
{
2max
{√
Λ1,C ,
√
Λ2,C ,
√
Λ3,C ,
√
Λ4,C
}
−√Λ1,C −√Λ2,C −√Λ3,C −√Λ4,C , 0}
With the definitions of r, s, c1, c2, c3 and trough com-
putational calculations the Concurrence C(ρ13) can be
written as
C(ρ13) = max
{√
Λ2,C −
√
Λ1,C −
√
Λ3,C −
√
Λ4,C , 0
}
(B2)
Another simple to calculate entanglement measure is
the Negativity N (ρ13) [19]. This one is defined as the
absolute sum of the negative eigenvalues of the partial
transpose of the density matrix ρ13 with respect to qubit
1.
N (ρ13) =
∑
i
|Λi,N | − Λi,N
2
(B3)
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Where the eigenvalues Λi,N are the eigenvalues of ρ
(T1)
13 .
Due to the symmetry of the X states, the partial trans-
pose with respect to qubit 1 of the state ρ13 is obtained
by the exchange of the elements (a) on the antidiagonal:
a14 with a32, and a23 with a41; which is equivalent to
exchange c2 with −c2.
ρ
(T1)
13 = ρ13 with c2 −→ −c2
Λi,N = Λi with c2 −→ −c2 for i=1,2,3,4
By taking the limit λ = 0 it is possible to prove analyt-
ically that the eigenvalues Λi,N are all positive for every
value of the coupling parameter κ and the Temperature
T; therefore there is not Entanglement between qubits 1
and 3.
The Quantum Discord [6] [7] is a measure of the non
classical correlations between two subsystems of a quan-
tum system. The Discord include all the quantum cor-
relations, and not only entanglement. In mathematical
terms the quantum discord D13(ρ13) is defined as the
difference of the quantum mutual information I(ρ13),
which contains all the classical and quantum correlations
between the subsystems, and the classical correlations
J(ρ13), which contains all the information that can be
obtained through local measurements on one of the sub-
systems.
D13(ρ13) = I(ρ13)−maxΠˆ1 {J(ρ13)} (B4)
I(ρ13) = S(ρ1) + S(ρ3)− S(ρ13) (B5)
J(ρ13) = S(ρ1)− S(ρ13|Πˆα1 ) (B6)
Where S(ρ) = −Tr [ρ log (ρ)] is the Von Neumann En-
tropy. The reduced density matrices ρ1, ρ3 are obtained
after taking the partial trace of the state ρ13 with respect
to subsytem 3 and 1 respectively.
ρ1 = ρ3 =
1
2
(
1 + r 0
0 1− r
)
(B7)
With the following definition, and the eigenvalues Λi
of ρ13 the mutual information can be written as:
h(x) =
1 + x
2
log
(
2
1 + x
)
+
1− x
2
log
(
2
1− x
)
(B8)
I(ρ13) = 2h(r) +
4∑
i=1
Λi log (Λi) (B9)
To calculate the Discord D13(ρ13) it is necessary a
maximization over all possible measurements Πˆ1 over
subsytem 1; the maximization is introduced to eliminate
any dependence of the Discord with respect to the mea-
surements. The calculation of the classical correlations
maxΠˆ1 {J(ρ13)} is similar to the one on reference [17].
Let it be Πˆα1 the local projection measurements to be
applied on qubit 1.
Πˆα1 =
1
2
(I1 + α rˆ1 · σ1) α = ±1
rˆ1 = (sin (θ) cos (φ), sin (θ) sin (φ), cos (θ))
The maximization over the measurements Πˆ1 implies
by equation (B6) the calculation of the minimum:
minΠˆ1
{
S(ρ13|Πˆα1 )
}
= minΠˆα1
∑
α
qαS(ρα)
ρα =
1
qα
(
Πˆα1 ⊗ I3
)
ρ13
(
Πˆα1 ⊗ I3
)
qα =
1
2
(1 + αr cos(θ))
The eigenvalues Λαof ρα were found to be:
Λα =
{
0, 0,
1
2
±
√
f(θ, φ) + α 2r c3 cos (θ)
4qα
}
where f(θ, φ) = r2 + c23 cos (θ)
2
+ sin (θ)
2
(
c21 cos (φ)
2 − c22 sin (φ)2
)
The minimization was done through the calculation
of the Hessian Matrix and numerical calculations. The
minimization is achieved when φ = 0 and θ = pi/2 for all
values of κ, λ and T . Therefore the classical correlations
maxΠˆ1 {J(ρ13)} can be written as:
minΠˆ1
{
S(ρ13|Πˆα1 )
}
= h(
√
r2 + c21) (B10)
maxΠˆ1 {J(ρ13)} = h(r)− h(
√
r2 + c21) (B11)
The Quantum Discord D13(ρ13) will be obtained by
the sustraction of the mutual information (B9) and the
classical correlations (B11).
D13(ρ13) = h(r) +
4∑
i=1
Λi log (Λi) + h(
√
r2 + c21) (B12)
A similar calculation can be done to obtain the quantum
correlations when the measurements are done on qubit
3. It was found that the Discord is symmetric for the
system defined by ρ13.
D13(ρ13) = D31(ρ13) (B13)
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